Aims. To propose a method for the polarimetric calibration of large astronomical mirrors that does not require use of special optical devices nor knowledge of the exact polarization properties of the calibration target Methods. We study the symmetries of the Mueller matrix of mirrors to exploit them for polarimetric calibration under the assumptions that only the orientation of the linear polarization plane of the calibration target is known with certainty. Results. A method is proposed to calibrate the polarization effects of single astronomical mirrors by the observation of calibration targets with known orientation of the linear polarization. We study the uncertainties of the method and the signal-to-noise ratios required for an acceptable calibration. We list astronomical targets ready for the method. We finally extend the method to the calibration of two or more mirrors, in particular to the case when they share the same incidence plane.
Introduction
Polarization is not directly measurable by the common astronomical detectors in the optical part of the spectrum. Its measurement relies on the comparison of two intensity measurements that have been modulated by the polarization. For this idea to work both measurements have to be identical except for the polarization of the astronomical object. This general rule, an axiom of polarimetry one could say, is broken by many sources of spurious polarization and crosstalks among different states of polarization. The listing, analysis and correction of all these sources of polarimetric errors constitutes the bottom line of good astronomical polarimetry (Bagnulo et al. 2009 ).
An annoying source of both instrumental polarization and crosstalk is the reflection upon the mirrors of telescopes (Miller 1963; de Juan Ovelar et al. 2014 ). The difficulty with them is that the concerned mirrors are often the main mirrors of the telescope, hence the largest. And this, quite commonly, puts them off-limits for any manipulation. Reflection upon mirrors polarizes light as long as there is no spherical symmetry in the ray path. Prime or Cassegrain foci which preserve the spherical symmmetry of the ray path are mostly or almost completely free of any spurious polarization effect. Succesful polarimeters have been put in those places, both in solar (Arnaud et al. 1998 ) and night telescopes (Aurière 2003; Snik et al. 2010; Donati 2003) . But for many different reasons, placing a polarimeter at such a favorable place is not always possible.
When forced to measure polarization behind polarizing optics, the only way out is calibration of those optics. The straightforward manner to calibrate the polarimetric effects of telescope optics is to introduce a well known polarization and see how it transforms after passage through the optics. Thus in solar telescopes it is a common practice to place in the entrance window polarizers and retarders, and to create a model of the telescope Mueller matrix with a few free parameters to be fit (Beck et al. 2005; Skumanich et al. 1997; Balasubramaniam et al. 1985) . Night telescopes can seldom afford such calibrations. Most of the night telescopes in use have just too large apertures to be covered with homogeneous enough polarizers and or retarders. The awkward solution in such cases is to rely on calibration stars whose polarization has been determined elsewhere and assumed to be constant 1 . As both solar and night telescopes grow larger and larger, this is the situation into which polarimetric calibration is forced to fall.
The use of a calibration target is however undesirable in the sense that it implies a complete confidence in the polarisation measured by somebody else with other, perhaps non-existent, polarimeters and telescopes (Leroy 1995) , or on the physical assumptions about the origin of such polarization. The starting point of the present work is to present a method that, in many cases, lifts that concern. Indeed it is uncommon that we can determine with enough accuracy the degree of polarization of an astronomical object. However, we can often know with exquisite accuracy the orientation of the linear polarization of many objects: Scattering polarization off the lunar surface is strictly perpendicular to the plane Sun-Moon-Earth for most of the lunar cycle, and strictly parallel during a few days around full moon. The amount of polarization, however, depends on the point of the surface of the Moon we are looking at, the phase of our satellite, the wavelength and, at any rate, with a not too good accuracy. We cannot trust on the degree of polarization, but we are certain of the polarization angle of this linear polarization source. Can we effectively make use of this information to calibrate large telescope mirrors? We present in Sect. 2 a method to do so for single mirrors. In Sect. 3 we make a list of astronomical targets with the characteristics of known orientation of its linear polarization, useful for our method. Finally in Sect. 4 we extend our method, whenever possible, to the calibration of more than one mirror, in particular when those mirrors share the same incidence angle.
We anticipate that this method should be of interest for tilted primary mirrors as the one on DKIST (Daniel K. Inouye Solar Telescope, formerly known as the Advanced Technology Solar Telescope, ATST) , and for Nasmyth focal instruments (ESO's VLT and E-ELT for example). It may also be useful also for other non-accessible astronomical instruments as those space-borned.
Description of the method
The proposed calibration method takes advantage of the knowledge of the symmetries of the Mueller matrix of the mirror to be calibrated and the existence of a source of linear polarization whose amplitude we do not know but whose orientation is perfectly well determined respect to celestial reference frames. We further assume that by rotating the mirror we can vary this orientation respect to the mirror at will.
The Mueller matrix of a mirror is determined by two parameters: χ, the ratio of the Fresnel transmission coefficients for the parallel and perpendicular electric fields of the ray, and ∆ the phase retardance between those two field components after reflection. χ and ∆ both depend on wavelength and incidence angle, so that the calibration may have to be repeated for different wavelengths and incidence angles, if required. In the particular examples, we have considered that a wavelength calibration is still required, but that the incidence angle is fixed by the geometry of the optical path of the telescope.
χ and ∆ can be computed from the knowledge of the complex refraction index of the mirror (Capitani et al. 1989 ), but if this information were available we would not need to calibrate the mirror. More commonly the refraction index of a mirror is not known with sufficient precision. Even for metallic mirrors this is not a surprising fact: Aluminum oxidizes over time and layers of dust and dirt may also modify the effective refraction index of the mirror; silver is usually covered with protective and enhancing multilayers with not very well determined refraction indices.
We will consider that χ(λ) and ∆(λ) are the parameters to be determined for the complete calibration of the mirror. The corresponding Mueller matrix at a fixed incidence angle is given by
where the Stokes parameters have been defined such that Stokes Q is positive when the linear polarization (the direction of oscillation of the electric field) is perpendicular to the plane of incidence of the mirror 2 . We have chosen a particular realisation of this Mueller matrix that may differ from other sources. For example Capitani et al. (1989) give χ 2 − 1 as the M 12 term, because they define positive Q to be in the plane of incidence, rather than perpendicular to it. They however coincide with us in the definition of ∆. Joos et al. (2008) , on the other hand, use the same definition of Q and χ 2 while their definition of ∆ is 180
• away from ours. All these conventions are correct as long as one sticks to the adopted definitions, and our method is not dependent on which matrix is used. Our choice in Eq.1 has the advantage of being easily related to a Lorentz transformation, an aspect that has no influence on the technique or the conclusions of this paper, but which is coherent with the quantum nature of light polarization.
Coming back to the polarimetric calibration of the mirror, the key points of this matrix are that, as we said, it is completely determined by the two parameters χ and ∆ and that it is a block-diagonal matrix decoupling the dichroic 2 × 2 sub-matrix involving I and Q from the retardance sub-matrix involving U and V. This uncoupling of the two effects induced by the mirror in the polarization of light is a key point of our proposition.
The second key point is the availability of astronomical sources emitting linearly polarized light whose amplitude may be unknown, but whose orientation is perfectly fixed out of pure geometrical arguments. In the coming sections we will list and study some of these sources in detail, but to fix ideas let us give at this point two examples. Both cases involve scattering that polarizes light in the plane perpendicular to the scattering plane. If the incoming light is unpolarized, this is the only source of polarization and hence its orientation is perfectly known from the knowledge of the scattering plane. This is the case of the continuum light reflected off the Moon or Mercury (Leroy 2000) : the scattering plane is the plane Sun-Moon-Earth and, since the integrated light of the Sun has zero or negligible linear polarization, the reflected light will be linearly polarized perpendicular to this plane. The degree of polarization depends on the physical and geometrical properties of the regolith in the Moon and on the scattering angle. Although there is ample information on this degree of polarization for different places over the lunar surface, it is often not precise enough for calibration purposes, leaving aside the difficulty of pointing at particular lunar spots. We will not make use of that degree of polarization, just the knowledge of the orientation. Our second example can be found in the solar limb where many lines show linear polarization after atomic resonance scattering in the upper photosphere or low chromosphere (Stenflo & Keller 1997; Gandorfer 2000) . The continuum is also slightly polarized, but its amplitude is too weak to be of interest (Leroy 1972) . Some atomic lines however have clear signatures of polarization of up to 0.1% the intensity with an orientation always parallel to the solar limb. The degree of polarization is small but it is at a comfortable level for present day solar polarimeters.
Defining as positive Stokes Q the direction perpendicular to the scattering plane, in analogy with positive Q being perpendicular to the plane of incidence of a mirror, the light coming from those objects (the Moon, Mercury, or particular solar lines observed near the limb) is described by the Stokes vector
where I and Q are unknown but constant during the calibration. This assumption of constancy is not particular to our method. In order to see the effects of our mirror on this light we have to rotate the Stokes vector so that the definitions of positive Stokes Q coincide. If we define α as twice the known angle between the scattering plane and the incidence plane of the mirror 3 , the incoming Stokes vector in the reference frame of the mirror will be
By changing α we can decide to illuminate the mirror with linearly polarized light of any orientation and select which part of the Mueller matrix is at work: dichroism, retardance or any combination of both. This is the bottom line of our method. And this is also the critical point: the method requires that we can modify α at will. In many telescopes there is the choice of the parallactic angle under which a target is observed. We will assume that this is possible and that the telescope rotation involves the mirror which is being calibrated. For solar telescopes this is not needed: the polarization plane of lines with atomic resonance scattering polarization is perpendicular to the local limb and thus it rotates as we observe points at all position angles around the solar circumference. Provided we can measure the reflected light off out mirror at all values of the angle α, we can easily see that the reflected Stokes vector will be
This light is to be analyzed with a polarimeter sitting behind the mirror and, at this point, before any other uncalibrated optics. From this polarimeter we require to provide the following measurements: (I ± Q) out and (I ± U) out . These are some of the usual measurements provided by polarimeters. Often the polarization analysis is made by a polarizing beamsplitter as a Savart plate, so that the detector receives two beams with intensities I ± S ,where S is any of the Stokes parameters Q,U or V, or a combination of them. So that we need two measures times two beams to complete the required dataset. Almost always the polarimeter allows for temporal modulation, so that the four measurements are taken in sequence by adequately rotating retarder plates in the polarimeter. And in the most performant polarimeters all this is done simultaneously to diminish systematic errors. Summarizing, the details on how those 4 measurements are taken will depend on each particular instrument and can vary to optimize efficiencies (del Toro Iniesta & Collados 2000).
Explicitly we will have as measurements
From this point on it is tempting to introduce a model and let the computer fit those signals. But let us continue the analytical treatment to verify that the calibration does not depend on the actual degree of polarization Q. Actually at this point we are going to impose a further requirement and it is that we do not depend on I or the actual intensity measurement in our detectors. We impose these restrictions because there is no reason to pretend that we know the exact intensity coming from our celestial object and we cannot let the calibration depend on the accurate photometric calibration of our instruments. Polarization measurements usually reach signal-to-noise levels of 10 5 , but absolute photometry and flat-field calibrations are seldom good beyond 10 3 levels. Thus we seek our calibration to be insensitive to the absolute photometric calibration.
As we measure for different values of α we see that (I + Q) out and (I − Q) out (see Fig.1 ) vary sinusoidally around constant levels, I and χ 2 I, which depend on the intensity I and the photometric calibration. This constant level can however be easily subtracted from both measurements independently by averaging over all the measurements. And, once this average is subtracted, the amplitude of the variation, the contrast, is independent of the photometric calibration, since given by the unknown Q in one case and the product Qχ 2 in the other. The ratio of the two contrasts gives us directly χ 2 one of our mirror parameters, independently of Q. The second pair of measurements around U out starts by a similar description. Both are given by sinusoidal variations with α around a constant value (1 + χ 2 )I, that we subtract before continuing. The two curves are given by
(1 − χ 2 )Q cos α ± 2χ cos ∆Q sin α
By defining A = (1 − χ 2 )Q and B = 2χ cos ∆Q we see that we can rewrite those measurements as 
The sinusoids of these measurements in Fig.1 both have an amplitude of √ A 2 + B 2 = Q (1 − χ 2 ) 2 + 4χ 2 cos 2 ∆ which depends on Q; and a phase shift δ given by
which does not depend on the value of Q and from which ∆ can be determined provided χ 2 is known. This phase shift has different sign in one and other measurements (I ± U) out providing extra redundancy.
The combination of the two measurements, the ratio of contrasts in one case, the phase shift in the other allows us to determine χ and ∆, and hence to calibrate the Mueller matrix of the mirror. Both measurements are independent of the degree of polarization Q or the intensity I, or the actual photometric calibration provided it is stable during the process of measurement over sufficient different values of α
Required accuracy
In the previous section we delivered the good news: a calibration method that does not require any modification of the telescope, just the observation of a celestial object; and which only requires knowledge of the orientation of the linear polarization, but not the degree of polarization. Now it is time for the bad news. Although the proposed measurements have the advantage of not depending on the amplitude of polarization, the actual achievable signal-to-noise ratios do depend on it. Thus, in the case of the measurement of χ as the ratio of contrasts we notice that the two sinusoids in the left plot of Fig. 1 have an amplitude of roughly Q, the degree of polarization of the sources and a difference of amplitude of 1 − χ 2 . Fig.2 shows the typical values of χ for an Aluminum mirror at different wavelengths assuming an incidence angle of 45
• . They are very close to 1 and hence the differnce in amplitude 1 − χ 2 between the two sinusoids of Fig. 1 is really small. Fig.3 shows those differences in the same conditions of Fig.2 For typical degrees of polarization of the lunar or Mercury's surface of 10%, the difference in amplitude between the sinusoids to be measured is of 5 × 10 −3 the total light, while for the resonance scattering polarization of the Sr I line over the solar limb, polarized at 1%, we drop to amplitude differences of 5 × 10 −4 . Measuring those signals implies that noise levels are even lower than that. Fig.4 shows an illustration of this issue with the calibration of an Aluminum mirror at 45
• incidence at 500nm. In a Montecarlo test, Gaussian random noise of the amplitudes shown in the figure is added to the signals then they are fit with a Levenberg-Marquardt inversion algorithm. The quantity plotted is the average residual of χ 2 along the Montecarlo series after the measure of the ratio of contrasts. This residual will induce dichroism, also called instrumental polarization, by crosstalk of the intensity into the linear polarization. The dashed horizontal line gives the requirement for the maximum instrumental polarization for the DKIST project 4 for reference of the typical accuracies expected in the calibration of the mirror. As a thumb-rule noise levels should be one order of magnitude below the average linear polarization to respect the typical requirements for the maximum instrumental polarization.
Although less evident to explain with a simple arithmetic argument as the one used for the measure of χ, the measure of the retardance ∆ suffers more from the presence of noise. Fig. 5 shows the equivalent calculation of Fig.4 for the retardance. What is actually ploted is 2χ sin σ ∆ , that is the residual of the polarization crosstalk in the Mueller matrix for the mirror after measurement of ∆ from the phase of the sinusoids in Fig.1 . The DKIST projet requirements are that this crosstalk should not exceed 5%, a level indicated with the dashed line. Despite this weaker requirement, compared to the instrumental polarization, the noise levels should be even lower to correctly determine the retardance of the mirror with this method. Fig. 3 . Expected differences in amplitude (blue curve, left axis) and phase (green curve, right axis) between the sinusoids of I ± Q (left plot of Fig. 1 ) and I ± U (right plot of Fig. 1 ) respectively. They have been computed as in Fig. 2 as a function of wavelength for an Aluminum mirror at 45
• incidence.
The examples given above show that the absence of a fully polarized source implies the necessity of very high signal-to-noise ratios for the calibration. The noise levels are not beyond reach of present instruments. Most solar spectropolarimeters reach those levels per spectral bin. And yet they are low enough that require special attention into how the measurement is done and analyzed. This is the main trade-off for our proposed calibration technique: no modification is required, but the measurement has to be very sensitive.
Celestial targets with known linear polarization orientation
This section is just a list of possible targets for day and night observation emitting linearly polarized light in a plane which is exclusively determined by geometry.
The Moon
It is perhaps the most obvious and available target for both day and night observations, though it may be too brilliant for the largest night telescopes in their usual observing modes. Solar light scattered off the lunar regolith is polarized strictly perpendicular to the plane Sun-Moon-Earth and its integrated polarization peaks at almost 20% polarization in the blue wavelengths at 110
• phase (or about one week after the waning quarter. The different materials over the surface of the moon and its heterogeneous distribution makes this polarization not symmetric around the full moon. Thus, the polarization peaks at a mere 15% during the crescent phase in the blue (Dollfus 1999 (Dollfus , 1956 Leroy 2000) . Because of its large aparent diameter it may also be of interest to point at particular regions with even larger polarization levels. The albedo-polarization relation suggests that the dark mare are more polarized than the bright regions and will result in smaller errors of calibration. Mercury, Mars and asteroids. • incidence for different Gaussian noise levels.
Second to the Moon, the atmosphereless planets are equally interesting targets. Dimmer than the moon, they may be of more interests for large night telescopes, and yet they are bright enough to be observed in daylight with solar telescopes. Mercury peaks at around 10% around quadrature. The fast period of its orbit also means that it is available with maximum polarization roughly once a month, although perhaps too near to the Sun for non-solar telescopes (Dollfus & Auriere 1974; Leroy 2000) Mars is a less interesting but also less dangerous object for night telescope. Due to its orbit external to that of the Earth, the maximum scattering phase is just 45
• and this only twice a year at most. This low scattering phase means that the polarization is low to start with and it is further reduced by Mie and Rayleigh scattering in the tenuous atmosphere of Mars. Its peak polarisation is just of 1% or 2% depending on wavelength and region (Dollfus et al. 1969; Leroy 2000) . The same problems of low polarization levels affect minor planets, whose far orbits translate in low scattering angles and weak polarizations. Often also asteroids are seen in near 0
• phase, a region in which, due to double scattering, the polarization changes sign and is found to be parallel to the plane Sun-asteroid-Earth, rather than perpendicular. On the other hand they are available at almost any visual magnitude providing the observer with a long list of objects available (Leroy 2000; Bagnulo et al. 2015; Belskaya et al. 2009; Penttilä et al. 2005) . The second solar spectrum For solar telescopes, the second solar spectrum is a nice source of polarization for calibration purposes available directly over the solar surface. By this name (Gandorfer 2000; Stenflo & Keller 1997) called the spectrum of linear polarization of solar lines at or near to the solar limb. The intricacies of the atomic resonance scattering polarization translate in that there is almost no correlation between the signals seen in the spectrum of linear polarization near the solar limb and the usual intensity spectrum, with strong lines in one absent in the other and viceversa. The two main advantages for solar telescopes are its availability (just point to the solar limb) and the fact that to rerpoduce the rotation of the angle of polarization α it is sufficient to point at the limb at different position angles, since the linear polarization of the second solar spectrum is parallel (in some special cases perpendicular) to local solar limb. Its main and serious disadvantages are the low amplitude of the signal. The Sr I line at 4607Å presents the larger polarization amplitude in the visible spectrum (Faurobert et al. 2001; Gandorfer 2000) and it is just 1%. And contrary to the Moon or planets it is not the continuum that We end up this list with a bad source of polarization which however comes easily to mind: the polarization of the daylight sky due to Mie and Rayleigh scattering of the solar light. The degree of polarization can be beyond 90% at 90
• from the Sun, and its orientation is, as in the previous cases of scattering polarization, perpendicular to the direction to the Sun of the observed point. However this direction is only approximative, as it depends on the presence of other sources of spurious illumination as clouds or water surfaces, that can alter it (Berry et al. 2004; Hegedüs et al. 2007; Horvath et al. 2002; Lee 1998) . We find that this extra source of certainty in the orientation of the linear polarization impacts negatively the usefulness of the proposed calibration method.
Two and more mirrors
In general, to calibrate more than one mirror brings in too many unknowns to the equations. In the usual calibration techniques it is assumed that all the mirrors are identical. In spite of this simplification the calibration still requires measurements in many of the different possible configurations of the positions of those mirrors and introducing more than just linear polarization to make the solution non ambiguous and robust (Skumanich et al. 1997) . A couple of particular cases however can still be handled in a similar manner to the one proposed in this work. First, we should mention the case of two crossed mirrors studied before (Martínez Pillet & Sánchez Almeida 1991; Sánchez Almeida et al. 1995) . The combined Mueller matrix of the two mirrors becomes diagonal and there is no instrumental polarization. This diagonal matrix introduces differential absorptions into the different Stokes parameters from which the values of χ and ∆ can be measured and be used for the computation of the Mueller matrix in the general case
In the second, and more interesting case because often found in telescope optics, the two mirrors share the plane of incidence. The Mueller matrix is then just the multiplication of the two mirror Mueller matrices, M M1 M M2 , and it conserves the block-diagonal symmetry. Even better the new matrix can be written as the matrix of a single mirror
where χ T = i=1,N χ i and ∆ T = i=1,N ∆ i for any number N of mirrors sharing the plane of incidence. Our method can therefore be easily generalize to an optical train of mirrors sharing the same plane of incidence and for which we will determine easily the compound χ T and ∆ T of the equivalent mirror. It may prove impossible to determine the individual values of each single mirror, unless they are identical mirrors. But this should not be a worry, for the goal was to calibrate the system and not to measure the mirrors individually. Finally, there are many configurations in which we can make use of the following trick. Let us suppose that only two mirrors are in the optical train to be calibrated, and that we can modify the relative angle θ between their planes of incidence. Let us know point at a source of unpolarized light. This may be the solar disk for solar telescopes, or any of the planetary targets listed in Section 3 (Moon, Mercury, Mars, asteroids) at opposition (phase 0). The effect of the first mirror on unpolarized light is to introduce linear polarization. We do not know the amount of linear polarization before calibrating that first mirror, but we know its orientation with full certainty: it is the plane of incidence of the mirror. Hence the first mirror behaves for the second mirror as one of the targets we listed in Sect.3 (Borra 1976): a source of linear polarization with known orientation but unknown rate of polarization. Since we assumed that we could change the angle θ at will, it plays now the role of angle α in our method and we can proceed to calibrate mirror 2. Once we are satisfied with this calibration we are left with mirror 1 alone, which can be calibrated by using the listed targets.
Conclusion
In an increasing number of modern telescopes the access to polarization-free foci becomes almost impossible for polarimetry. At the same time the larger and larger apertures of these instruments make imposible to put polarizers and retarders in front of the main aperture to calibrate them. The need appears for methods to calibrate these instruments that do not require modifications of the telescope optics. For night observations, lists of calibration targets have been compiled with suposedly known polarizations that can be used as sources. But we appreciate two critical problems with them: they are not accessible in dayside for solar observations, and the calibration depends on trusting that the polarization from that source is the one listed and not other.
The physics of polarization of light shows that the degree of polarization depends on many different details impossible to control on astronomical objects. On the other hand there are a number of situations on which the orientation of the linear polarization can be determined out of geometrical arguments alone.
In this work we propose a method that uses that sole information from the observed target: there is linear polarization at an angle which can be perfectly determined and that we can change at will. In our favourite case, the polarization of the continuum spectrum reflected off the Moon will be perpendicular to the plane Sun-Moon-Earth, while its amplitude can vary depending of a large amount of factors. By rotating the telescope (or the mirror to be calibrated) so that this linear polarization incides in our mirror at all possible angles respect to the incident plane we can compile enough information to calibrate a mirror. The nice symmetries of the Mueller matrix of a mirror help making this possible.
Calibrating a mirror without the requirement of knowing the degree of polarization or without the use of circular polarization is a nice feat, but it does not come for free. The measurements have to be done with large accuracy and, since the sources of astronomical polarization are far from being fully polarized, this implies large signal-to-noise ratios. We have illustrated this with characteristic polarization levels of 1% and 10%, and see that noise levels of 10 −3 and 10 −4 times the intensity are the limit for a sound polarimetric calibration.
Yet we anticipate that this technique is easy and robust enough to implement that it may be of interest for many ground and space telescopes, including those cases of multiple mirrors as long as they are in the same plane.
